We make use of the homogeneous balance method and symbolic computation to construct new exact traveling wave solutions for the generalized Burgers equation with variable coefficients. Many exact traveling wave solutions are successfully obtained, which contain soliton, soliton-like solutions, rational and periodic-like solutions. This method is straightforward and concise, and it can also be applied to other nonlinear evolution equations.
Introduction
The investigation of the exact solutions of nonlinear partial differential equations (PDEs) play an important role in the study of nonlinear physical phenomena. For example, the wave phenomena observed in fluid dynamics, plasma and elastic media are often modelled by the bell-shaped sech functions and the kink-shaped tanh functions. The exact solution, if available, of those nonlinear PDEs facilitates the verification of numerical solvers and aids in the stability analysis of solutions.
The homogeneous balance (HB) method has been widely applied to derive the nonlinear transformation and exact solutions (especially the solitary wave solutions) [1, 2] and auto Bäcklund transformations [2] [3] [4] as well as the similarity reductions [2, 4] of nonlinear partial differential equations (PDEs) in mathematical physics.
Wang et al. [5, 6] , Mohammed Khalfallah [7, 8] applied the (HB) method to obtain the new exact traveling wave solutions of a given nonlinear partial differential equations. Fan [4] showed that there is a close connection among the HB method, Wiess, Tabor, Carnevale (WTC) method and Clarkson, Kruskal (CK) method.
As the mathematical models of complex physical phenomena, nonlinear evolution equations are involved in many fields from physics to biology, chemistry, engineer, plasma physics, optical fibers and solid state physics etc. In the past several decades, various methods for obtaining exact solutions of nonlinear PDEs have been presented, such as inverse scattering method [9] , Darboux transformation method [10, 11] , Hirota bilinear method [12] , Lie group method [13, 14] , bifurcation method of dynamic systems [15] , sine-cosine method [16] , tanh function method [17, 18] , Fan-expansion method [19, 20] and so on.
The HB method is a primary and concise method to seek for exact solutions of nonlinear partial differential equations [5, 21] , we used it to obtain Bäcklund transformation and new exact solutions, one-soliton solution, multi-soliton solutions, rational series solution. Rational solutions may be helpful to explain certain physical phenomena because a rational series solution is a disjoint union of manifolds, for example, systems which describing the motion of a pole of rational series solution for a Kortewegde Vries (KdV) equation were analyzed in [22, 23] . This method is simpler than the Hirota method because Hirota method consists of transforming the nonlinear evolution equation into the bilinear equation through the dependent variable transformation, then the bilinear equation can be solved by employing a perturbation method.
In this paper, we use the HB method to solve the Riccati equation ϕ ′ = αϕ 2 + β and the reduced nonlinear ordinary differential equation for the generalized Burgers equation with variable coefficients, respectively. It makes the HB method use more extensively.
Summary of The Method
This method consists of the following steps as follows
Step 1: For a given nonlinear evolution equation
we consider its traveling wave solutions u(x, t) = u(ζ), ζ = kx + λt + d then Eq. (1) is reduced to an nonlinear ordinary differential equation
where a prime denotes
Step 2: For a given ansatz equation (for example, the ansatz equation is ϕ ′ = αϕ 2 + β in this paper), the form of u is decided and the homogeneous balance method is used on Eq. (2) to find the coefficients of u.
Step 3: the homogeneous balance method is used to solve the ansatz equation.
Step 4: Finally, the traveling wave solutions of Eq. (1) are obtained by combining step 2 and 3.
From the above procedure, it is easy to find that the homogeneous balance method is more effective and simple than other methods and a lot of solutions can be obtained in the same time. This method can be also applied to other nonlinear evolution equations.
The Application of The HB Method to The Generalized Burgers Equation with Variable Coefficients
For the generalized Burgers equation with variable coefficients [24] 
The generalized Burgers (GBE) equation with the nonlinear b(t) and dispersion term a(t) can model propagation of a long-shock wave in a two-layer shallow liquid. Malomed and Shrira [24] have qualitatively demonstrated that for the special case of the GBE with a(t) = −1 a shock-wave solution reverses its velocity and disintegrate after the passage of the critical point where b(t) changes its sign.
Long wave in shallow water is a subject of broad interests and has a long colorful history. Physically, it has a rich variety of phenomenological manifestation, especially the existence of wave permanent in form and robust in maintaining their entities through mutual interaction and collision as well as the remarkable property of exhibiting recurrences of initial data when circumstances should prevail. These characteristics are due to the intimate interplay between the roles of nonlinearity and dispersion.
Let us consider the traveling wave solutions
where k, l and d are constants.
Substituting (4) into (3), then (3) is reduced to the following nonlinear ordinary differential equation
We now seek the solutions of Eq. (5) in the form
where q i are constants to be determined later and ϕ satisfy the Riccati equation
where α, β are constants and ϕ satisfy Eq. (7). It is easy to show that m = 1 if balancing u ′′′′ with uu ′ . Therefore use the ansatz
Substituting Eq.(8) into Eq.(5) along with (7) and collecting all terms with the same power in ϕ i (i = 0, 1, 2, 3) yields a set of algebraic system for q 0 , q 1 , k and l, namely
For which, with the aid of Maple, we find
It is to be noted that the Riccati Eq. (7) can be solved using the homogeneous balance method as follows
Substituting Eq. (11) into (7), we have the following solution of Eq. (7)
Substituting Eq. (10) and (11) into (8) and (4), we have the following traveling wave solution of GBE equation (3) u(
This is a bell-shaped solution.
Similarly, let ϕ = Σ m i=0 b i coth i ζ, then we obtain the following traveling wave soliton solutions of GBE equation (3) u Figure 1 .: The soliton solution for the the Eqs. (13), (14) .
Case II: From [25] , when α = 1 the Riccati equation (7) has the following solutions
It is seen that the tanh function in (6) is only a special function in (15), so we conjecture that Eq.(3) may admit other types of traveling wave solutions in Eq.(15) in addition to the tanh-type one. Moreover, we hope to construct them in a unified way. For this purpose, we shall use the Riccati equation (7) once again to generate an associated algebraic system, but not use one of the functions in (15) . Another advantage of the Riccati equation (7) is that the sign of β can be used to exactly judge the type of the traveling wave solution for equation (3) . For example, if β < 0, we are sure that equation (3) admits tanh-type and coth-type traveling wave solutions. Especially equation (3) will possess three types of traveling wave solutions if β is an arbitrary constant. In this way, we can successfully recover the previously known solitary wave solutions that had been found by the tanh method and other more sophisticated methods.
From (8), (10) and (15), we have the following traveling wave solutions of generalized Burgers equation with Variable Coefficients equation (3), which contain traveling wave solutions, periodic wave solutions and rational solutions as follows:
When β < 0, we have
This is a linear combinations of kink wave and bell-shaped wave solutions which is a new solution for (3).
When β = 0, we have
When β > 0, we have
Which contain a periodic-like solutions or a sinusoidal-type periodical solution which develops a singularity at a finite point, i.e. For any fixed t = t 0 there exist an x 0 at which these solutions blow up. There is much current interest in the formation of so called "hot-spots" or "blow-up" of solutions [11] .
Case III: We suppose that the Riccati equation (7) has the following solutions of the form
with
which satisfy
Balancing ϕ ′ with ϕ 2 leads to
Substituting Eq. (20) into (7), collecting the coefficient of the same power f i (ζ)g j (ζ)(i = 0, 1, 2; j = 0, 1) and setting each of the obtained coefficients to zero yield the following set of algebra equations
which have solutions
where 4αβ = −1.
From Eqs. (20) (21) (22) , we have
From Eqs. (8), (10) and (23), we obtain the traveling wave solutions of GBE equation (3) u(
Case IV: We take ϕ in the Riccati equation (7) being of the form
where
where p 1 , p 2 and p 3 are constants to be determined.
Substituting (25) into (7) we find that when β = −p
If p 3 = 1 in (26), we have
If
From (8), (10) and (26), we obtain the following new wave solutions of GBE equation (3) u(
When p 3 = 1, we have from (27) u(
When p 3 = −1, we have from (28) u(
Clearly, (13), (14) is the special case of (30), (31) with p 1 = 2.
Case V: We suppose that the Riccati equation (7) have the following solutions of the form
where dω/dζ = sinh ω or dω/dζ = cosh ω. It is easy to find that m = 1 by balancing ϕ ′ and ϕ 2 . So we choose
when dω/dζ = sinh ω, we substitute (32) and dω/dζ = sinh ω, into (7) and set the coefficient of sinh i ω cosh j ω(i = 0, 1, 2; j = 0, 1) to zero. A set of algebraic equations is obtained as follows
for which, we have the following solutions
where β = − 1 a , and
From (35)- (36), we obtain
where β = − 1 α , and
. Clearly (37) is the special case of (28) with p 1 = 2.
From (7), (8), (10), (37) and (38), we get the new traveling wave solutions of Eq. (3) in the following form
where β = − 1 4a . Clearly (39) is the special case of (31) with p 1 = 2.
Similarly, when dω/dζ = cosh ω, we obtain the following exact traveling wave (periodic-like) solutions of GBE equation (3) u(
where β = − 
Conclusion
HB method provides us a solutions polynomials in two elementary bell-shaped and kink-shaped functions, this covers the large majority of physically interesting solitary waves Eqs. (13), (30), in addition we also obtain a periodic-like wave solutions Eqs. (18), (41), (42) which play an important interesting in physics.
Remark. The majority of solutions for (7) in [26] , contain solitary wave, periodic wave, rational solutions,...but in this paper we study the solutions of (7) which contains kink-type, bell-shaped, periodic-like, rational solutions which are well-known solutions and also new solutions for instance in case III,V are obtained, i.e we recovered by HB method the well-known solutions and adding some new solutions.
In Eq. (7), if we set α = −λ, β = λ HB method is reduced to tanh method [27] but HB method is more general than tanh method, extended tanh method [28] because this method is readily applicable to a large variety of nonlinear PDEs in contrast to the tanh method. Some merits are available for HB method.
First, all the nonlinear PDEs which can be solved by tanh function method can be solved easily by HB method.and we have more multiple soliton solutions and triangular periodic solution (including rational solutions).
Second, we used only the special solutions of Eq. (3), we can obtain more traveling wave solutions.
Third, not only HB method contains the hyperbolic tangent expansion method, but also it is a computerizable method, which allow us to perform complicated and tedious differential calculation on computer. Therefore, the HB method is a generalized tanh function method for many nonlinear PDEs.
